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During sintering (coalescence) of aggregates of polydisperse primary particles (PPs), restructuring takes place, the
average PP size increases and the PP size distribution (PPSD) narrows affecting particle performance in a number of
applications. Here, aggregate sintering by viscous flow, lattice, and grain boundary diffusion is simulated by multipar-
ticle discrete element methods focusing on PP growth dynamics and elucidating the detailed restructuring of aggregates
during their coalescence. The effect of initial PPSD and sintering mechanisms on the evolution of PP polydispersity
(geometric standard deviation) and surface area mean diameter are presented. Each sintering mechanism results in a
distinct evolution of PPSD but quite similar growth in average PP diameter. Grain boundary diffusion has the strongest
impact among all sintering mechanisms and rapidly results in the narrowest PPSD, as it has the strongest dependence
on PP size. During sintering of aggregates with initially monodisperse PPs, the PPSD goes through a maximum width
before narrowing again as PPs coalesce. A power law holds between projected aggregate surface area and number of
PPs regardless of sintering mechanism and initial PP polydispersity. This law can be readily used in aerosol reactor
design and for characterization of aggregates independent of material composition, initial PP polydispersity, and
sintering mechanism. VC 2013 American Institute of Chemical Engineers AIChE J, 59: 1118–1126, 2013
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Introduction

Particle suspensions and films often exhibit unique proper-
ties that depend on particle-size distribution, like the opacity
of titania pigments,1 the color of quantum dot2 or plasmonic3

nanoparticle suspensions, and the superparamagnetism of iron
oxide nanoparticles4 to name a few. Typically, a narrow size
distribution facilitates harvesting these effects from paints to
solar cells,5 biosensors,6 and light-emitting devices.7

Aerosol processes allow rapid and scalable production of
nanoparticles over a wide range of sizes.8 In such processes,
however, particles grow typically by Brownian coagulation
that places a lower limit to the width of the size distribution,
the so-called self-preserving size distribution9 with a geometric
standard deviation of about 1.45.10 Such a constraint would
limit aerosol-made particles in applications requiring narrow
size distributions. Furthermore, when primary particles (PPs)
with different high-temperature residence time histories (e.g.,
from different reactor streamlines11 or reaction rates10) are
mixed, fractal-like particles with quite polydisperse PP size dis-
tribution (PPSD) are obtained. This polydispersity, however,
can be reduced by PP sintering (or coalescence) that proceeds
inversely proportional to particle size, similar to condensation12

that is routinely used in generation of monodisperse aerosols.

Sintering can lead to a narrower size distribution of PPs
than their parent aggregates.13 The narrowest PPSD was
obtained when TiO2 aggregates were produced by TiCl4 or
titanium isopropoxide oxidation followed by coagulation and
sintering.14 This was observed also with flame-made ZnO
nanocrystalline aggregates exhibiting a blueshift of their
absorption spectrum with decreasing ZnO crystallite size
from about 8 to 1.5 nm.15 A narrow crystal size distribution
is required for this quantum-size effect.

To design reactors for synthesis of nanoparticles exhibit-
ing optimal performance, a better understanding of the pa-
rameters affecting PP polydispersity during sintering is
required. Here, the sintering of fractal-like particles made by
cluster–cluster agglomeration is simulated focusing on the
dynamics of their inter-PP distance, dx/dt, and PP radius,
drp/dt. So particle restructuring during sintering of fractal-
like agglomerates (physically-bonded PPs) to aggregates
(chemically- or sinter-bonded PPs) and eventually to com-
pact particles (e.g., spheres) is elucidated through energy and
mass balances.16 The effect of initial PPSD and type or
mechanism of sintering on aggregate morphology, PP poly-
dispersity, and surface area mean diameter are investigated.

Theory

Geometric models frequently describe sintering of agglom-
erates of PPs by viscous flow,16,17 grain boundary,18 and
lattice diffusion. Such agglomerates are generated here by
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diffusion-limited cluster–cluster agglomeration.19 Their
initial PPSDs have log-normal geometric standard deviation,
rg 5 1.0 (monodisperse), 1.45, or 2.0. These agglomerates
become aggregates upon the onset of sintering and are char-
acterized by their average projected area, aa, PP diameter,
dva 5 6v/a, and number, nva 56v=pd3

va , where v is the total
volume and a the total surface area of the parent fractal-like
particle (agglomerate or aggregate). The aa influences mass
and momentum transfer20 and, thus, the fractal-like particle
mobility diameter, dm, in the free molecular21 and transi-
tion22 regimes

dm52
ffiffiffiffiffiffiffiffiffiffi
aa=p

p
(1)

A power law between aa and number of PPs, np or nva, in
an agglomerate or aggregate is23

np5ka

aa

ap

� �Da

; nva 5ka

aa

ava

� �Da

(2)

where ap and ava are the projected areas of monodisperse
and polydisperse,24 respectively, PPs within such fractal-like
particles and ka a constant and Da a projected area exponent.
Combining Eqs. 1 and 2 gives

dm5dp

nva

ka

� �1= 2Dað Þ
(3)

The morphology of fractal-like particles is characterized
with the fractal dimension, Df

25

np5kn

rg

rp

� �Df

(4)

where kn is a constant prefactor and rg the aggregate radius
of gyration.26 Here, Df is obtained by the sandbox method25

and arithmetic averaging over 50 agglomerates or aggregates
with identical initial np,0 for each time step. According to
this method,25 a box (sphere) of radius Rs is placed around
the PP, which is closest to the center of mass of the agglom-
erate/aggregate and the mass inside the box is calculated,
m(Rs). This box is successively increased in small steps until
all PPs are within the box. The slope of m(Rs) vs. Rs in a
log–log plot corresponds to Df.

Particle sintering

Sintering is simulated by gradually overlapping PPs in the
form or shape of truncated spheres.16 The approach of PP
centers and rate of PP growth are given by mass27 and
energy balances.28 The overlapping volume is only counted
once and the PP radii increase to conserve the mass of the
truncated spheres (Eq. 7 in Eggersdorfer et al.16)

drp;i

dt
52

an

ai

dxi

dt
(5)

where an is the cross-sectional neck area, ai the free PP sur-
face area, and dxi/dt the change in distance between PP cen-
ter and neck area (Appendix Figure A1). For viscous flow
sintering, dxi/dt is based on the Frenkel–Eshelby model,29

which equates the energy gained by surface reduction to the
energy dissipated by uniaxial extensional flow, for example,
for two equally sized particles16

dxi

dt�
52

2rp;0rp;ixi

2rp;i12xi

� �
2xi24rp;i

� � (6)

where t* 5 t/s0 is the time normalized by the characteristic
sintering time s0. The approach of particle centers for lattice
diffusion is (Appendix)

dxi

dt�52
r3

p;0

Rp
1

Rout

2
1

R

� �
(7)

where R is the neck radius and Rout the outer neck radius
(Appendix, Figure A1),30 and for grain boundary diffusion18

dxi

dt�52
r4

p;0
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1
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2
1

R

� �
(8)

The s0 for each sintering mechanism is

s05
grp;0

c
for viscous flow sintering 28 (9a)

s05
kBTr3

p;0

pDvCv0cX
for lattice diffusion sintering ðAppendixÞ

(9b)

s05
kBTr4

p;0

2pDvCv0dgb cX
for grain boundary diffusion sintering18

(9c)

where c is the surface energy, g the particle viscosity, Dv the
vacancy diffusion coefficient, X the atom or vacancy volume
(assumed identical), kB the Boltzmann constant, T the tem-
perature, dgb the grain boundary thickness, and Cv0 is the
equilibrium vacancy concentration beneath a flat surface.18

Aggregate restructuring during sintering is simulated using
the SHAKE algorithm31 to fulfill the distance constraints
between neighboring PPs, regardless of their number of con-
tacts.16,18 The particle centers approach each other according to
dxi/dt* (Eqs. 6–8). So, at each time step, the new particle posi-
tions are calculated to constrain pairs of particles to be at a
specified distance using Lagrangian multipliers.32 The free
surface, volume, and nonspherical contact areas of the PPs
(truncated spheres) are calculated with the Vorlume software.33

It decomposes the volume of the union of spheres into convex
regions using a weighted Delaunay triangulation.34 Although
the PP radius increases and surface area decreases during sinter-
ing, its volume remains constant as the multiple overlaps are
considered by the triangulation. This increases the geometric PP
radius, rp,i, as well as dva. The volume of a PP is only increased
by that of a neighboring PP when these two PPs are completely
coalesced: the distance between the PP centers is less than 0.5%
of the smaller PP’s radius (corresponding to 99.6% volume of
the fully fused sphere). Then, the smaller particle is deleted and
the number of PPs (np) is reduced by one until only one spheri-
cal particle is left at the end of sintering, np 5 nva 5 1.

Analytical solutions for the initial stage sintering of two
equally sized spherical particles are35

R

rp;0

� �y

5
B

rp;0

� �w t (10a)

Dx

x0

� �y=2

52
B

2y rp;0

� �w t (10b)

where rp,0 is the initial PP radius, and B, y, and w are param-
eters depending on mechanism35
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B53c=2g;w51; and y52 for viscous flow 28 (10c)

B580pDvcX=kBT;w53; and y55 for lattice diffusion36

(10d)

B596Dvdgb cX=kBT;w54; and y56 for grain boundary diffusion30

(10e)

Viscous flow sintering is dominant for amorphous materials
(e.g., polymers37 and silica36), whereas lattice and grain
boundary diffusion are possible for crystalline materials (e.g.,
TiO2

38 and ZnO39), although surface diffusion becomes domi-
nant for lower temperatures,40 smaller particles,36 and aerosol
nanoparticles with their free (unconstrained) surfaces.41 The
particle-size dependence on sintering mechanism strongly
affects the sintering rate or time. Therefore, it is crucial to
account for particle polydispersity during sintering.42

Results and Discussion

Validation and morphology evolution of aggregates with
polydisperse PPs

The neck growth and approach of particle centers of two
equally sized particles are calculated with Eqs. 6–8 and
conservation of mass (Eq. 5) and compared to analytical
solutions at the onset of sintering (Eqs. 10) while multipar-
ticle sintering simulations have been validated already.16

Sintering by viscous flow,16 grain boundary,18 and lattice
diffusion of cluster–cluster made agglomerates19 consisting
initially of 16, 64, 256, and 512 PPs with initial rg,0 5 1.0,
1.45, and 2.0 was simulated here. Averages are taken over
50 agglomerates for each size and sintering mechanism.

Figure 1 shows exemplary snapshots of a single agglomerate
consisting initially of 256 PPs and Df,0 5 1.79 6 0.07 with
rg,0 5 1.45 undergoing sintering by the above mechanisms at
dimensionless time, H 5 (t/s0)2/y 5 0, 1, 3, 6, 10, and 60.
For example, H 5 1 corresponds to t 5 s0 5 13.8 s for a SiO2

particle with rp,0 5 5 nm that sinters by viscous flow at
T 5 1500 K while for TiO2 that sinters by grain boundary
diffusion H 5 1 corresponds to t 5 s0 5 0.013 s. At T 5 1700
K and same rp, H 5 1 corresponds to t 5 s0 5 0.0132 and 5.4
3 1024 s for SiO2 and TiO2, respectively.43

The color represents the curvature (5 1/radius) of the par-
ticle surface (blue 5 small radius and red 5 large radius)
within the aggregate. The broader the PPSD, the more color-
ful are the aggregates. At the onset of sintering (H> 0),
necks form between PPs in contact converting the agglomer-
ate to aggregate. At H 5 1, the aggregate keeps its chain-like
morphology, but its structure has changed from the initial
Df 5 1.79 to Df � 1.72, 1.69, and 1.61 for viscous flow (a),
lattice diffusion (b), and grain boundary diffusion sintering
(c), respectively. Then, individual chains or branches of such
aggregates straighten out16 decreasing its Df as has been
seen experimentally.44 After that (H 5 3–10), branches
shrink and the aggregate surface becomes smoother as the
necks grow larger and its Df increases.

At junctions where two branches meet, a sharp concave

edge remains (e.g., u in Figure 1a at H 5 3–10). The concave

structure between two branches fills rather fast as has been

seen by molecular dynamics simulation of TiO2 sintering.41

As a result, such branches gradually fuse forming more com-

pact particles (e.g., at H 5 10). Sintering by grain boundary

diffusion results in slightly more compact shapes (Df � 2.6)

than lattice diffusion or viscous flow (Df � 2.2) at H 5 10.

Figure 1. Snapshots of an aggregate of initially np,0 5 256 PPs that sinter by viscous flow (a), lattice (b), and grain
boundary diffusion (c).

The shown geometric standard deviation rg is calculated with the diameters of consitituent PPs. The color of each particle changes

with its curvature (5 1/radius: blue 5 high curvature and red 5 low curvature). [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]
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Throughout sintering or coalescence (H 5 1–10), however,
only small differences in aggregate morphology are apparent
among the three sintering mechanisms. This indicates that
these mechanisms lead to quite a similar restructuring path-
way, although there are strong differences in actual time and
size stemming from their differing sintering parameters (Eqs.
9 and 10).

Detailed restructuring and PPSD of aggregates

The detailed PPSD is monitored during sintering by trac-
ing numerically the center and radius of each PP in the start-
ing agglomerate or aggregate. Figure 2a shows an
agglomerate of np 5 16 PPs (nva 5 11.6) having an initial
(H 5 0) size distribution of rg,0 5 1.45 and below its cross
section. At H 5 0.8 and sintering by grain boundary diffu-
sion, the initial agglomerate has become an aggregate with a
narrower size distribution of PPs (rg � 1.25), and nva 5 5.5
as its free surface area has decreased. The PPSD changes as
the geometric radius of the spherical PPs (truncated spheres)
increases with approaching particle centers to compensate
for the overlapping volume and conserve the PP mass. So,
the overlapping volume is redistributed among the remaining
PPs (Eq. 5). Besides the sintering mechanism, the PP growth
rate depends also on geometry: number of particle contacts,
size of the neighboring PPs, and size itself.

At the onset of sintering, PPs start to fuse or coalesce and
both dva and dp grow according to Eq. 5. Grain boundaries
or sinter necks between particles are marked by a thin line at
the bottom of Figure 2b. For example, a comparison of PP
#15 in Figure 2 at H 5 0 (a) and 0.8 (b) shows a significant
broadening in curvature or equivalent PP diameter (and
change in color) similar to the other small PPs #7–10. At the
same time, isolated PPs hardly grow (e.g., PP #1 and 16) in
contrast to others. For example, PP #5 develops a third neck
with PP #13 (besides #4 and 6) and grows noticeably despite
its initial large size. Aggregate branches straighten (e.g., PPs
#1–4 in Figure 2b), similar to molecular dynamics of silicon
sintering (Figure A1 in Hawa and Zachariah45). Individual
PP sizes are related to the maximum extension of crystalline

areas in polycrystalline particles forming the so-called twin-
crystal structures.

Figure 3 shows the evolution (H 5 0–10) of PPSD during
sintering by grain boundary diffusion having initially (H 5 0,
circles), dp,g 5 20 nm, np,0 5 256, and rg,0 5 1.45 (Figure
1c). The dp,i of all PPs in 50 different agglomerates is used
to calculate rg and dp,g. At H 5 1 (triangles), the small tail
of the PPSD narrows rapidly to result in rg � 1.20 (Figure
1c). For sintering by grain boundary diffusion with a strong
size dependence (w 5 4, Eq. 10e), smaller particles sinter
much faster than larger ones affecting initially the small tail.
This is consistent with two-dimensional (2-D) sectional sim-
ulations of sintering of TiO2 aggregates with polydisperse
PPSD (Figure 5 in Heine and Pratsinis14), however, without
having here the restriction of two particle sintering.28

Sintering between unequally sized PPs is dominated by
the smallest.46,47 In Figure 3, the large tail hardly changes
up to H 5 1, and the mean PP diameter is only affected by
sintering of small PPs and sinter-neck formation. So at
H 5 1, the aggregate shape (Df � 1.61, Figure 1c) is similar
to the initial (H 5 0) agglomerate structure (Df � 1.79, Fig-
ure 1c). When PPs reach a similar size and hence a narrow
size distribution (here at about H 5 3, diamonds), their struc-
ture (Df 5 1.68) is more open (less compact) than the initial
one due to branch straightening.16 Later on (H 5 3–10) as
rapid filling of the concave regions between branches takes
place41 and the rg of PP is rather constant (rg � 1.1), aggre-
gates start to discernibly become more compact (Df � 2.07
at H 5 6). The individual branches shrink, decreasing in
length but increasing in diameter (Figure 1c).

From H 5 1 to 10, the aggregate shape changes signifi-
cantly: from an open-structured and chain-like (Df 5 1.61 at
H 5 1) to a compact particle (Df � 2.57 at H 5 10) with a
nearly smooth surface (Figure 1). Sharp edges with small outer
neck radii exclusively remain at the junction of two or more

Figure 2. The transformation of an initial agglomerate
(a) of 16 PPs to an aggregate (b) after sintering
by grain boundary diffusion for dimensionless
time H 5 0.8.

The sinter neck or grain boundaries between neighboring

particles are sketched with thin lines. The diameter of

constituent PPs (depicted as truncated spheres in the ag-

gregate) represents the maximum extension of PP or crys-

tal size. The number of PPs, np, remains constant while

the average PP number, nva, decreases during sintering

due to the decreasing surface area of the parent aggre-

gate. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]

Figure 3. The PPSD of aggregates consisting initially of
256 PPs and that sinter by grain boundary
diffusion at dimensionless times H 5 (t/s0)2/y

5 0 (circles), 1 (triangles), 3 (diamonds), and
10 (squares).

Initially the PPs have rg,0 5 1.45 of the self-preserving

size distribution by Brownian coagulation. Small par-

ticles sinter faster than larger ones so the small tail of

the distribution narrows at the beginning of sintering

H 5 0–1. Later also the large particles sinter resulting in

a narrow size distribution with rg � 1.1 and dp,g 5 73

nm at H 5 10 (squares).
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former branches. During this restructuring, all PPs grow
shifting the PP distribution to larger sizes with dp,g 5 73 nm.
Then, PPs have a narrow size distribution and heavily overlap,
so original PPs are no longer distinguished as individual
entities. This is an indication for a compact particle, with a
rather rough surface as complete coalescence to a perfect
sphere takes much, much longer (H 5 60, Figure 1).

Effect of sintering mechanism on PP growth and size
distribution

Figure 4 quantifies the progress of aggregate restructuring of
Figure 1 (and 3) by showing the evolution of (a) rg and (b) dva

as a function of dimensionless time H during sintering by vis-
cous flow (solid line), lattice (broken line), and grain boundary
diffusion (gbd, dotted line) of initial agglomerates with
np,0 5 256 and rg,0 5 1.45. Grain boundary diffusion reduces rg

most rapidly (with H), as it has the strongest size dependence
(w 5 4 in Eqs. 10). The initial reduction in rg is driven by sin-
tering of the small particles in an aggregate (Figure 3) and by
neck formation at their contacts (Figure 2). Smaller particles
sinter faster than larger ones leading to a rapid reduction of rg

to�1.1 at H � 4 for lattice and grain boundary diffusion. There
is competition between two effects: accelerated growth with

increasing number of particle contacts vs. reduced growth with
increasing particle size. When a particle grows larger than its
neighbors, because it has more contacts, its growth slows down
immediately by the strong size dependence of sintering. As a
result, neighboring particles catch up, narrowing the size distri-
bution (rg � 1.1). The aggregate becomes more compact and
slowly approaches a sphere.

The evolution of PPSD by sintering through lattice diffu-
sion lies between viscous flow and gbd except at the end of
sintering for H> 10, consistent with its weaker dependence
of sintering on particle size (w 5 3 in Eq. 10). Viscous sin-
tering shows the slowest narrowing of PPSD, as it has the
weakest size dependence (w 5 1). The narrower size distribu-
tion of gbd is again an indication for a rough particle
surface. Both lattice diffusion and viscous flow sintering
result in compact particles at H 5 10 with slightly smoother
surface (Figure 1) than gbd.

As shown in Figure 1, the evolutions of aggregate struc-
ture are quite similar regardless of sintering mechanism. So
these three mechanisms lead to a fully coalesced sphere
nearly at the same dimensionless time (Figure 4b, H � 30).
In terms of H, sintering by gbd (dotted line) is slightly faster
than that by viscous flow and lattice diffusion. Note again
that s0 depends on several particle properties (Eqs. 9), so the
absolute time t for each mechanism is different. Neverthe-
less, the H of monodisperse two-particle sintering (Eqs. 9)
reduces to nearly a single line (Figure 4b) the evolution
of dva for aggregates of polydisperse particles by the three
sintering mechanisms.

Effect of initial PPSD shape and PP number on PP
growth and size distribution

Figure 5 shows the evolution of (a) rg and (b) dva by grain
boundary diffusion sintering for agglomerates consisting of PPs
with rg,0 5 1.0 (broken line), 1.45 (dotted line), and 2.0 (solid
line). In Figure 5b, the initial dva,0 increases for increasing rg,0

to assure the same dp,g and np,0 for all agglomerates. Both aver-
age agglomerate surface area and mass increase with increasing
rg,0 resulting in a larger initial dva and, thus, taking longer to
fully coalesce. The initially monodisperse PPs (broken line)
grow slightly polydisperse with a maximum rg � 1.1 at H �
10 (Figure 5a). There the aggregate is a slightly elongated or
oval particle with a homogeneous “diameter” (Figure 2 in
Eggersdorfer et al.18). The PP growth rate (drp/dt) depends on
the number of contacts, so particles at the end or junctions of
branches experience a slower or faster growth, respectively,
which affects naturally the sintering rate of the entire aggregate.
Still their size distribution stays narrow throughout sintering
(for all investigated np,0 5 16–512). Agglomerates with PP
rg,0 5 1.45 attain also rg � 1.1 at H � 10. However, agglomer-
ates with increasing rg,0 need longer time to fully coalesce
(rg 5 1), as they have a larger initial dva (Figure 5b).

Figure 6 shows the effect of initial PP number np,0 in
agglomerates with rg,0 5 1.45 on the evolution of (a) rg and
(b) dva during sintering by grain boundary diffusion.
Agglomerates with more PPs have a larger surface area,
mass, and spatial expansion, so they need more time to fully
coalesce (ddva/dH 5 0, Figure 6b). Neck formation between
neighbors at the beginning of sintering (H< 1) is independ-
ent of initial agglomerate size and so the initial reduction in
rg is identical for all np,0 (Figure 6a). Aggregates of few
nanoparticles (e.g., np,0 5 16) consist of mainly one branch
and have already attained an oval shape at rg � 1.1. So they

Figure 4. The evolution of PP (a) geometric standard
deviation and (b) surface area mean diameter,
agglomerates that sinter by viscous flow, lat-
tice and grain boundary diffusion (Figure 1).

The broadest PPSD is obtained by viscous flow, which has

the weakest size dependence on the neck growth rate

(w 5 1, Eqs. 10). In grain boundary diffusion, differences

in particle radii are balanced most effectively (w 5 4, Eqs.

10) resulting in the narrowest distribution. The evolution

of PP dva is nearly independent of sintering mechanism in

contrast to that of the PPSD that shows significant varia-

tion among the three mechanisms.
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continue to coalesce to a sphere. In contrast, larger aggre-
gates (np,0> 16) of several branches still have an elongated
shape by the time the PPSD reaches rg � 1.1 (Figure 1,
H 5 3–10). These elongated structures lead to an oval parti-
cle keeping, however, that narrow distribution independent

of initial size, np,0. So aggregates sintered by gbd attain rap-
idly a narrow PPSD, as observed in flame synthesis of ZnO
that exhibits a quantum dot behavior that is characteristic of
particles having a narrow size distribution.15

Scaling of projected aggregate area during sintering

Figure 7 shows the power law scaling of Eq. 2 for aggre-
gate sintering by viscous flow (triangles), lattice (squares),

Figure 6. The effect of initial number of PPs per ag-
glomerate, np,0, on the evolution of PP (a) rg

and (b) dva for agglomerates that sinter by
grain boundary diffusion.

At the beginning of sintering (H < 1) both rg and dva are

independent of np,0 as necks between neighboring par-

ticles form independent of the total aggregate size. Later,

PP growth and rg depend on np,0 as larger agglomerates

have a bigger spatial extension, larger surface area and

mass, requiring more time to coalesce. Nevertheless, the

rapid initial reduction in polydispersity resulting in a low

rg � 1.1 is maintained during sintering for larger np,0.

Table 1. Projected Area Exponent Da and Prefactor ka for Different Initial PPSDs (rg,0) and Sintering Mechanisms

rg,0 Sintering Mechanism Da
�D a ka

�ka

1.0 Viscous 1.07 6 0.002

1.07 6 0.002

1.00 6 0.003

1.00 6 0.003Lattice diffusion 1.07 6 0.002 0.99 6 0.003
Grain boundary diffusion 1.07 6 0.002 0.99 6 0.003

1.45 Viscous 1.07 6 0.002

1.08 6 0.002

1.00 6 0.003

1.00 6 0.003Lattice diffusion 1.08 6 0.002 1.00 6 0.003
Grain boundary diffusion 1.08 6 0.002 0.99 6 0.003

2.0 Viscous 1.10 6 0.003

1.11 6 0.002

0.99 6 0.004

0.97 6 0.004Lattice diffusion 1.12 6 0.002 0.97 6 0.004
Grain boundary diffusion 1.12 6 0.002 0.97 6 0.004

1.0–2.0 All 1.082 6 0.001 0.990 6 0.001

The Da and ka are practically independent of sintering mechanism.

Figure 5. The effect of initial PPSD shape on the evolu-
tion of PP (a) geometric standard deviation rg

and (b) surface area mean diameter dva for
agglomerates that sinter by grain boundary
diffusion (Figure 1).

Agglomerates with the same geometric mean diameter

dp,g but larger rg,0 have a larger surface area and mass

and take longer to fully coalesce. The PP distribution with

rg,0 5 1 (broken line, monodisperse) remains narrow dur-

ing sintering with a maximum rg � 1.1. Aggregates with

rg,0 5 1.45 (dotted line) reach also rg � 1.1 after H 5 10,

however, require more time to fully coalesce as their dva is

larger (b). Aggregates with rg,0 5 2.0 experience a rapid

decrease of rg at the beginning of sintering H < 2 which

slows down at the end of sintering for rg < 1.3.
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and grain boundary diffusion (circles). This relation is useful
in mass-mobility characterization of agglomerates and aggre-
gates with PPs in the free molecular and transition regime to
determine the dva and specific surface area (SSA) in almost
real-time (Eq. 8 in Eggersdorfer et al.18). Most notably, it is
independent of sintering mechanism resulting in
ka 5 0.990 6 0.001 and Da 5 1.082 6 0.001 with R2 5 0.99
for rg,0 5 1–2 (Table 1). So nva and the aggregate SSA can
be determined from aa,

18 regardless of material, sinter mech-
anism or PP polydispersity, as ka and Da remain constant
during sintering. Equation 3 with the above ka and Da for
rg,0 5 1–2 gives: dm5dp nvað Þ0:46

, in agreement with simula-
tions and experiments of the mobility of cluster–cluster
agglomerates (Eq. 24 in Sorensen48).

The effect of rg,0 on projected area exponent Da and pre-
factor ka is summarized in Table 1 for the three sintering
mechanisms studied here. A broader initial PPSD results in a
larger Da while ka is almost constant around one. Eggersdor-
fer and Pratsinis49 showed that Da decreases with increasing
PP polydispersity. Once agglomerates start sintering, the pol-
ydispersity is reduced and Da is even larger than that for ini-
tially monodisperse particles. This is a consequence of using
dva as average diameter for polydisperse aggregates. The
large tail of the distribution is weighed stronger (d2-depend-
ence) and, thus, both nva and aa/ava are lower compared to
monodisperse agglomerates. The slope (Da increases as the
aggregates coalesce to a compact sphere with nva 5 aa/
ava 5 1.

Conclusions

Aggregate sintering by viscous flow, lattice, and grain
boundary diffusion is simulated by multiparticle dynamics
focusing on PP growth and surface area evolution. Small
PPs sinter faster than larger ones and, thus, vanish rapidly
narrowing the PPSD. The size and dynamic exponents of
sintering rates for the neck growth rate depend, however,
on sintering mechanisms resulting in slightly different

PPSDs during sintering. Nevertheless, this hardly affects
the evolution of average PP diameter and aggregate surface
area normalized by the characteristic time of sintering. A
power law (Eq. 2 with ka 5 0.990 and Da 5 1.082) holds
between aggregate projected area and average number of
PPs. This is in agreement with experiments (Eq. 24 in Sor-
ensen48), independent of sintering mechanism and initial
PPSD. This is important for aggregate characterization by
mass-mobility measurements and in design of aerosol reac-
tors for nanoparticle manufacturing by coagulation and
sintering.
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Notation

a = surface area, m2

B = auxiliary variable for Eqs. 10
Cv = fraction of sites occupied by vacancies
Da = projected area exponent, Eq. 2
Df = effective fractal dimension, Eq. 4
Dv = vacancy diffusion coefficient, m2 s21

d = diameter, m
gbd = grain boundary diffusion

J = flux of atoms, # s21 m25

kB = Boltzmann constant, m2 kg s22 K21

ka = prefactor for Eq. 2
kn = prefactor for Eq. 4
m = mass, kg

NA = Avogadro number, mol21

n = number
PP = primary particle
Q = activation energy, kg m2 s22 mol21

R = neck radius, m
Rs = sandbox radius, m

r = radius, m
rg = radius of gyration, m
T = temperature, K
t = time, s

t* = dimensionless time
v = volume, m3

w = scaling Eqs. 10
x = particle center to neck distance, m
y = scaling Eqs. 10

Greek letters

c = surface energy, kg s22

dgb = grain boundary thickness, m
g = viscosity, kg s21 m21

H = dimensionless time
rg = geometric standard deviation
s = characteristic sintering time, s
u = angle between aggregate branches
X = volume of atom or vacancy, m3

Subscripts

0 = initial
a = average projected
g = geometric
l = lattice

Figure 7. The average number of PPs in aggregate as a
function of its normalized projected area dur-
ing sintering or coalescence of the aggregate
by viscous flow (triangles), lattice (squares)
and grain boundary diffusion sintering (circles)
for initial PP rg,0 5 1–2.

There is nearly no effect of sintering mechanism and PP

polydispersity on the power law of Eq. 2, although the neck

growth rate and sintering time differs significantly (expo-

nents w and y in Eqs. 10). The Da 5 1.082 and ka 5 0.99 are

in agreement with experimental measurements.48
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m = mobility
n = neck

out = outer
p = primary particle

va = surface area mean, based on dva
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Appendix: Lattice Diffusion

A grain boundary forms at the neck of nanoparticles in con-
tact with two misaligned crystals. The high particle curvature in
the neck induces a stress gradient resulting in a diffusive flux of
atoms J from the neck center (source) to its surface (sink)40

J5
Dv

X
dCv

dR
(A1)

where dCv/dR is the vacancy concentration gradient, R the
neck radius, Cv the fraction of sites occupied by vacancies
and X the volume of an atom or vacancy. During sintering
by grain boundary diffusion, the atoms diffuse along the
grain boundary (Figure A1).36
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For lattice (volume) diffusion, the source of the atoms is
the grain boundary as atoms move through the crystal lattice35

to the particle surface so the volume of material transported
through the neck area, an 5 pR2, into the neck per time is

dvp

dt
5an

dxi

dt
5JanX (A2)

where vp is the particle volume and x is the particle center to
neck distance. The concentration of lattice vacancies
between the neck surface and neck center is assumed
constant35: dCv/dR 5 DCv/R, with

DCv5Cv2Cv05Cv0 exp 2
cX
kBT

1

Rout

2
1

R

� �� �
21

� �
(A3)

where Rout 5 rp,i 2 xi is the outer neck radius,30 kB the
Boltzmann constant, c the surface energy, T the temperature,

and Cv0 the equilibrium vacancy concentration beneath a flat

surface. Typically, cX 1
Rout

2 1
R

� �
� kBT,40 except at the very

beginning of sintering, when the outer neck radius is a few
atom diameters. Then, the exponential function is approxi-

mated as Cv5Cv0 12 cX
kBT

1
Rout

2 1
R

� �� �
, which results in a va-

cancy concentration difference

DCv52Cv0

cX
kBT

1

Rout

2
1

R

� �
(A4)

Equations A1 and A4 are substituted into Eq. A2 to deter-
mine the rate of shrinkage dxi/dt*

dxi

dt�52
r3

p;0

Rp
1

Rout

2
1

R

� �
(7)

with the dimensionless time t* 5 t/s0

s05
kBTr3

p;0

pDvCv0cX
(9b)

where rp,0 is the initial PP radius. The diffusion coefficient is
expressed, at least over some limited temperature range, as a
thermally activated process40

Dv5Dv0exp
2Q

NAkBT

� �
(A5)

where Dv0 is a constant, Q is an experimentally determined
activation energy, and NA is the Avogadro number. Thus,
the diffusion coefficient dominates the temperature depend-
ence of s0.
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Figure A1. A 2-D sketch of a pair of particles during
sintering.

The atoms diffuse either along the grain boundary (grain

boundary diffusion) or move through the crystal lattice

into the neck (lattice or volume diffusion). For both

mechanisms, the source of atoms is the grain boundary.35
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